Analytical description of domain structure morphology and phase diagrams of ferroelectric nanoparticles is developed in the framework of Landau-Ginzburg-Devonshire approach. To model realistic conditions of incomplete screening of spontaneous polarization at the particle surface, it was considered covered by an ultrathin layer of screening charge with finite screening length. The phase diagrams, calculated for spherical Sn2P2S6 nanoparticles in coordinates "temperature -surface screening length" by finite element modeling, demonstrate the emergence of poly-domain region at the tricritical point and its broadening with increasing the screening length for the particle radius over a critical value. Metastable and stable labyrinthine domain structures exist in Sn2P2S6 nanoparticles with radius (8-10) nm and more, similarly to the case of CuInP2S6 nanoparticles considered previously. We derived simple analytical expressions for the boundaries between paraelectric, single-domain and poly-domain ferroelectric phases, tricritical point and the necessary condition for the appearance of labyrinthine domains, and demonstrated their high accuracy in comparison with finite element modeling results.
I. INTRODUCTION
Nanoscale ferroelectrics are unique model objects for fundamental studies of polar surface properties, various screening mechanisms of spontaneous polarization by free carriers and possible emergence of versatile multi-domain states [1, 2] , including their complex morphologies [3, 4, 5, 6] .
Ferroelectric nanoparticles can demonstrate perfect possibilities of polar-active properties control, which attract permanent attention of researchers. Classical examples are nontrivial experimental results of Yadlovker and Berger [7, 8, 9] , which reveal the enhancement of polar properties of cylindrical nanoparticles of Rochelle salt. Frey and Payne [10] , Zhao et al [11] , Drobnich et al [12] , Erdem et al [13] , Shen et al [14] and Golovina et al [15, 16, 17] demonstrated the possibility to control by finite size effects the phase transition temperatures and other peculiarities, including the appearance of new polar phases for BaTiO3, S2P2S6, PbTiO3, SrBi2Ta2O9 and KTa1-хNbхO3 nanopowders and nanoceramics, respectively. Increasing interest is related with the impact of surface conditions and finite size effects on the photorefractive properties of S2P2S6 or BaTiO3 ferroelectric nanoparticles suspended in nematic liquid crystals (see [18, 19] and refs therein).
The continuum phenomenological Landau-Ginzburg-Devonshire (LGD) approach combined with the electrostatic equations allows one to establish the physical origin of the anomalies in the polar and dielectric properties, and calculate the phase diagrams changes appearing under the decrease of ferroelectric particle sizes. For instance, using the LGD approach Niepce [20] , Huang et al [21, 22] , Glinchuk et al [23, 24] , Ma [25] , Khist et al [26] , Wang et al [27] , Morozovska et al [28, 29, 30, 31] and Eliseev et al [32, 33, 34] have shown, that the changes of the transition temperatures, enhancement or weakening of spontaneous polar or/and magnetic order in a single-domain spherical, ellipsoidal and cylindrical nanoparticles of sizes (4 -100 nm) are conditioned by the various physical mechanisms, such as surface tension, correlation effect, depolarization field, flexoelectricity, electrostriction, magnetoelectric coupling, magnetostriction, rotostriction and Vegard-type chemical pressure. We emphasize that the applicability of the LGD approach for ferroelectric nanoparticles with sizes about (4-5) nm or more (i.e. 10 lattice constants or more) is corroborated by the fact, that the critical sizes for the appearance of the long-range order and the properties calculated for thin films or nanoparticles from atomistic [35 ,36, 37, 38, 39] and phenomenological [32-30, 40, 41] theories are in a good agreement with each other as well as with experimental results for nanosized ferromagnetics [42] and ferroelectrics [7-11, 13, 43] . As a mean-field approach, LGD loses its validity below 5-10 unit-cells due to the vanishing of long-range order correlations.
Incomplete screening of spontaneous polarization causes depolarization fields, which in turn can lead to appearance of ferroelectric domains in the particle, decreasing the positive energy of depolarization field [26, 27, 33, 34, 44] . Incomplete screening conditions of the spontaneous polarization also leads to the decrease of ferroelectric transition temperature due to the depolarization field effect [26, 27, 33, 34] . Yet the vast majority of theoretical models (both LGD-based and ab initio) consider the particles covered with perfect electrodes, stabilizing their single-domain state (see e.g. [20] [21] [22] [23] [24] [25] [26] [27] [28] [29] [30] [31] [32] ). Only several LGD-based theoretical studies did consider the incomplete screening of spontaneous polarization in ferroelectric nanoparticles [26, 27, 33, 34, 45] . In particular, Eliseev et al [45] calculated the phase diagram and domain structure morphology in spherical nanoparticles of uniaxial ferroelectric CuInP2S6 covered by a layer of screening charge with finite screening length.
They revealed that a regular stripe domain structure transforms into a labyrinth pattern when the gradient term decreases below the critical value, and classified the event as a gradient-induced morphological transition
Under incomplete screening conditions, the analytical description of the domain structure morphology changes and phase diagrams of ferroelectric nanoparticles is absent. In particular, any sort of analytical expressions for the transition temperatures between different poly-domain, single-domain and paraelectric phases is absent. The available analytical expressions for the transition between single-domain and paraelectric phases give essentially underestimated values of the particle critical sizes [33] . To fill the knowledge gap, here we propose LGD-based analytical description of domain structure morphology and phase diagrams of ferroelectric nanoparticles. To model realistic conditions of spontaneous polarization incomplete screening at the particle surface, it was regarded covered by an ultra-thin layer of screening charge with finite screening length The manuscript is structured as follows. Free energy and basic equations with boundary conditions are discussed in section II. Analytical expressions for the phase boundaries separating single-domain, poly-domain and paraelectric phases are listed and analyzed in section III. Phase diagrams of ferroelectric nanoparticles covered by sluggish screening charges are analyzed in section IV with the special attention to domain morphologies changes and temporal evolution of striped and labyrinthine domains. Comparison with available experiments [14] for SrBi2Ta2O9 nanoparticles and independent Monte Carlo (MC) simulations within axial next-nearest-neighbours Ising (ANNNI) model [12] for S2P2S6 nanocrystalls is presented in section V. Section VI is a brief discussion with conclusive remarks. Electrostatic problem, derivation of analytical expressions and phase diagrams calculated for nanoparticles of different radius are given in Appendixes A, B and C, respectively.
II. PROBLEM STATEMENT
Let us consider a ferroelectric nanoparticle of radius R with a one-component ferroelectric polarization ( )
directed along the crystallographic axis 3 [ Fig.1(a) ]. At the same time we can assume that the dependence of other electric polarization components on the inner field electric Ei is linear
, where i = 1, 2 and b ε is an isotropic relative permittivity of background [46] .
Since the ferroelectric polarization component ( ) , where e ε~1 is the relative dielectric permittivity of external media (air or vacuum).
To model realistic conditions of spontaneous polarization incomplete screening at the particle surface, we regard that the particle surface is covered by an ultra-thin layer of "sluggish" screening charge with a surface charge density σ, at that σ linearly depends on electric potential ϕ at the surface,
ε is a universal dielectric constant and Λ is a surface screening length [26, 33, 34, 45] . In many cases the screening charges can be localized at Bardeen-type surface states [47] caused by the strong band-bending via depolarization field [48, 49, 50, 51, 52] , and for the case Λ can be much smaller (≤1 Å) than a lattice constant (~0.5 nm) [27] and almost temperature-independent.
Another important case (relevant to the nanoparticles suspension in liquid crystals) is the StephensonHighland (SH) ionic adsorption at the ferroelectric surface [53, 54] . The linearization of Langmuir absorption isotherm [55] leads to the expression for 
The coefficient α linearly depends on temperature T, 
The boundary condition for polarization at the spherical surface r=R is natural, 0
, n is the outer normal to the surface. The potential ϕ satisfies a Poisson equation inside the particle and Laplace 
Equations (3) are supplemented by the condition of potential continuity at the particle surface,
. The boundary condition for the normal components of electric displacements,
, where the surface charge density Λ ϕ ε − = σ 0 is linearly proportional to the electric potential and inversely proportional to the screening length.
III. ANALYTICAL EXPRESSIONS FOR THE PHASE BOUNDARIES
Phase diagrams of spherical ferroelectric nanoparticles covered by a screening charge have several phases, namely paraelectric (PE) phase, single-domain ferroelectric (SDFE) phase and poly-domain ferroelectric (PDFE) phase including various domain morphologies [45] . Our target is to derive present accurate approximate analytical expressions for the phase boundaries and compare the analytical formulas with finite element modeling (FEM) modeling.
Approximate expression for the nanoparticle transition temperature from SDFE to PE phase is ( )
Here the first term is a bulk Curie temperature. The second term is originated from depolarization field. The term, depending on the ratio ( ) Λ R , strongly decreases the PE-SDFE transition temperature of small nanoparticles and vanishes for big particles being proportional to ( )
is given in Ref. [33] and also listed in Appendix A. Notably that the expression (4) is exact for the natural boundary conditions at the particle surface, 0 = ∂ ∂ =R r P n  , and becomes high-accuracy approximation for more general boundary condition, when 0
, where the so-called extrapolation length λ [59, 60] is regarded positive and typically exceeds (1 -2) nm [61] . Hence
Eq.(4) can be used to check the FEM simulations accuracy and convergence rate for the natural boundary conditions used hereinafter.
Approximate analytical expression for the nanoparticle transition temperature from PDFE to PE phase can be found using calculations in the Appendix B, namely:
Where the critical radius is ( ) 
Three terms in brackets in Eq.(5a) originated from the correlation effect and depolarization field energy of the domain stripes. Parameter ξ is a sort of geometrical factor that is close to 0.5 for domain stripes onset in the {x,y} cross-section of the spherical particle.
The minimal spatial wave number 
Notably, that the identical form of Eq.(5) can be rewritten via min k as
Expressions (5)- (6) are valid under the condition
Equation (7) means that the critical value of the gradient coefficient exists at fixed other parameters, At fixed gradient coefficient 44 g the equality in Eq. (7) means that the relation between the particle radius R and screening length Λ should be valid for the domain onset.
The fulfillment of the equality in Eq. (7) Approximate analytical expression for the nanoparticle transition temperature from PDFE to SDFE phase can be estimated from the free energy equality of the phases, since the transition is of the first order. Using the speculations we derived the expansion
Power δ is related with the critical index of the phase transition and hence should be radiusindependent. The radius dependence of the temperature shift
Notably Eqs. (9) is valid only when inequality in Eq. (7) is fulfilled.
IV. PHASE DIAGRAMS FOR Sn2P2S6 NANOPARTICLES
LGD parameters for a bulk ferroelectric Sn2P2S6 (SPS) were collected from Refs. [62, 63] and references therein. They are listed in Table I . (0.1 -1)×10 -10 In Appendix C we presented the phase diagrams of SPS nanoparticles with radius R =(2 -10)
nm calculated in coordinates "temperature T -screening length Λ" for the gradient coefficients Labyrinthine domain (LD) region exists for small gradient coefficient g44 ≤ 10 −11 m 3 /F, and is absent for its higher values, g44 ≥ 10 −10 m 3 /F. Since LDs are stable over all computation time, they are either absolutely stable or at least metastable. However absolute stability of LDs is questionable, because bulk SPS undergoes the second order phase transition at TC, while it was expected that only ferroelectric nanoparticles with the first order phase transitions in the bulk can exhibit absolutely stable LD [45] .
The bottom row (I) in Fig. 2 shows the typical changes of polarization distribution in the equatorial cross-section of the 10-nm nanoparticle, which happens with Λ increase. A SDFE state is stable at very small Λ<0.1 Å, two-domain and poly-domain states are stable in the interval 0.11 Å <Λ<0.14 Å. Coexistence of PDFE with mixture of domain stripes, LD and PE state appears at 0.145 Å <Λ<2 Å and is followed by the size-induced phase transition into a stable PE at Λ>10 Å.
The bottom row (II) in Fig. 2 illustrates the polarization distributions in the stable (SLD) and metastable (MLD) labyrinthine domains calculated with temperature T increase from 230 K to 260 K in the equatorial cross-sections of the nanoparticles with radius R=10 nm, g44=10 −11 m 3 /F and Λ= 0.3Å.
LDs are stable at T<240K, becomes metastable at higher temperatures (240 K<T<260 K) and then transforms into a PE phase at T ≥ 260 K. In the temperature range 240 K<T<260 K, where LDs are metastable, the stable are domain stripes coexisting with PE phase at the particle boundary. Notably that the metastabilty or stability of LDs and stripes were concluded from the comparison of the free energies corresponding to these domain morphologies. . Solid curves corresponding to the SDFE-PE, PDFE-PE and SDFE-PDFE phase boundaries are calculated from Eqs. (4), (5) and (9), respectively. The bottom row (I) shows typical polarization distributions in the equatorial cross-sections of the nanoparticles with radius R=10 nm and different values of Λ (in Å) for plot (a). The bottom row (II) illustrates the polarization distributions in the stable (SLD) and metastable (MLD) labyrinthine domains calculated with temperature increase from 230 K to 260 K in the equatorial cross-sections of the nanoparticles with radius R=10 nm, g44=10 −11 m 3 /F and Λ= 0.3Å. SPS parameters are listed in Table I .
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The temporal evolution of LDs in a 10-nm SPS nanoparticle, calculated using LandauKhalatnikov relaxation in time-dependent LGD equations [2] , is shown by the top line in At the same other conditions multiple domain stripes can occur from the two-domain configuration shown in Fig.3(i) . The stripes evolution is shown in the bottom line in Figs. 3(j)-(p) .
Notably that the energy values computed for the metastable multiple domain stripes [shown in the decrease of depolarization field [64] . Table I .
We leave for further studies the question how the ranges of LDs stability and metastability at phase diagram can be derived analytically (i.e. the boundary between SLD and MLD regions is guided by eye). However the necessary conditions of LDs appearance were derived analytically with the numerical factor estimated from FEM results allowing for the fact that the wave number
given by Eq. (6) is not limited to the description of domain stripes with e.g.
Since LDs onset presents an instability in both x-and y-directions (somehow similar to the "chess structure" of its Fourier principal components), corresponding instability condition can be described by Eqs. (7), but with geometrical factor different from ξ. Hence the necessary conditions of LD appearance, which impose inequalities on the radius R, lengths Λ and gradient coefficient 44 g , have the form
at fixed R and 44 g ,
at fixed Λ and 44 g ,
at fixed R and Λ.
Here the parameter η has the same sense that the geometrical factor ξ in Eqs.(5), but it appeared close to π 2 1
. Inequalities (10) are equivalent to the inequality (7) with the substitution η → ξ , and so they are also temperature-independent. Notably that equality in Eq.(10a) reached at
determines the almost vertical boundary between the stable LD and domain stripes corresponding to normal PDFE in Fig.2(a) .
Noteworthy that the equality in Eq.(10c) gives the critical value of gradient coefficient ( ) and (10b), the conclusion [45] is incomplete, primary because the inequalities relate all three values, R, Λ and 44 g . Obtained analytical results lead to the conclusion that more correct statement is that the nature of morphological transition from domain stripes to LDs in ferroelectric nanoparticles underlies in the interplay between the 2D instability of domain splitting induced by incomplete surface screening facilitated by small enough gradient energy and high enough particle size to prevent the effect of geometric catastrophe. Quantitative criteria of LDs appearance based on Eqs.(10) has the form Solid curves in Fig.2(a) corresponding to the SDFE-PE, PDFE-PE and SDFE-PDFE phase boundaries are calculated from Eqs. (4), (5) and (9) respectively. The simple analytical expression (4) for the PE-SDFE transition temperature is exact for the natural boundary conditions at the particle surface, and this is the case illustrated in Fig.2 [65]). In fact, for a bulk sample under the normal pressure, there is the second-order phase transition, and the tricritical point is achieved by compressing (or replacing tin with lead) and lowering the temperature to 250 K [66] .Such a change in the transition order with the decreasing temperature is typical for the case of a three-well local potential (Blume-Emery-Griffiths model [67] ), which can be taken into account in the Landau theory by adding the invariants of the 8-th and 10-th polarization powers [65] . Yevych et al also tried to describe the situation using the model of quantum anharmonic oscillators [65, 68] . When the shape of the three-well potential is changed under e.g. compression of the crystal, the transition becomes of the first-order and metastable states appear. If the model is supplemented with different ratios of the interactions between the first and the next neighbors [69] , and this is equivalent to the ANNNI model [12] , and there will be antiferroelectric ordering and metastable states. The inter-cells interactions can be more accurately considered by taking into account the gradient invariants of higher order in Eq.(1c).
V. COMPARISON WITH EXPERIMENT
As it was argued in the introduction, derived analytical expressions should be compared with experimental results for nanoparticles of uniaxial ferroelectrics. Our first choice is SrBi2Ta2O9 particles, for which the dependence of ferroelectric transition temperature on the particles' average radius was measured in Ref. [14] by XRD and in situ Raman scattering. The experimental data [14] is described by empirical Ishikawa equation [70] ,
with the bulk Curie temperature = 
. The similarity explains the proximity of solid and dashed curves in Fig.5(a) , and, more important, gives theoretical grounds to the empirical Ishikawa expression.
Since the previous section analysis phase diagrams and domain structure of the Sn2P2S6 nanoparticles, we decided to compare the theoretical dependences the experimental ones. To the best of our knowledge, corresponding experiments are still absent, only MC simulations within the framework of ANNNI model was done in Ref. [12] for SPS nanocrystals. Nanocrystals have different sizes from 9 to 67 cell units (c.u.) and where imposed to the periodic boundary conditions (see Fig.6 in Ref. [12] ). To recalculate the cell unit into a physical size for SPS, we used the pseudo-orthorhombic setting (see e.g. [71] ) with a lattice parameters a = 0.9318 nm, b = 0.7463 nm and c = 0.6518 nm at 358 K. Since the cubic cells was used in Ref. [12] , we regarded that a cell unit parameter is approximately equal to 3 abc =0.7323 nm. Diamonds in Fig. 5(b Temperature dependence of the spontaneous polarization in the nanoparticles can be estimated from the expression
is given by Eq. (4) for a single-domain case or estimated from Eqs. (5) for a polydomain case in the sense of maximal value (because the average value is zero in a poly-domain particle).
Temperature dependence of the spontaneous polarization calculated by MC ANNNI model simulations in SPS particles with different radiuses R is shown in Fig. 6 by diamonds. Solid curves is the fitting with Eq. (12) for the same parameters as in Fig.5(b) . From Fig.6 we conclude that Eq. (12) can describe semi-quantitatively the polarization temperature behavior in the vicinity of FE-PE phase transition, but not the polarization saturation far from the transition. Most likely the discrepancy is related with the principal differences between the continuous Landau free energy expansion on 2-4-6 polarization powers that is applicable to the ferroelectric phase transitions of displacement type and ANNNI model that rather describes the order-disorder phase transitions (see also remark at p.12 and
Refs. [65] [66] [67] [68] ). [12]. Solid curves is the fitting with Eq. (12) for the same parameters as in Fig.5(b) . A cell unit (c.u.) parameter is approximately equal to 0.7323 nm.
VI. DISCUSSION
In the framework of LGD approach we evolved analytical description of domain structure morphology and phase diagrams of ferroelectric nanoparticles covered by an ultra-thin layer of screening charge characterized by finite screening length Λ. The phase diagrams, calculated by FEM in coordinates "temperature T -surface screening length Λ" for spherical Sn2P2S6 nanoparticles with radius R, demonstrate the appearance of poly-domain region in the tricritical point and its broadening with Λ increase above 0.1 Å and R increase above 4 nm. Typically the poly-domain ferroelectric region (PDFE) of triangular-like shape separates single-domain ferroelectric (SDFE) and paraelectric (PE) phases.
Metastable labyrinthine domains (LD) region was revealed in 10-nm Sn2P2S6 nanoparticles, but absolutely stable labyrinthine domains are likely absent in contrast to the case of CuInP2S6 nanoparticles considered previously [45] . LD are expected to be a long-living stable (or at least metastable) configuration in Sn2P2S6 nanoparticles undergoing the second order phase transition at Curie temperature. Earlier the LD structure was predicted theoretically in thin films of incommensurate ferroelectrics [72] and bi-layered ferroelectrics [73] , being similar to those observed in ultrathin magnetic films [74] . Notably, fractal domain structures are sometimes observed in multiferroic thin films [75] and near the surface of relaxors close to relaxor-ferroelectric boundary [76] , but the stable LD with a single characteristic length scale were observed by Vectorial
Piezoresponse Force Microscopy (V-PFM) [77] in ergodic relaxors only [78] . Metastable labyrinthine domains can coexist with classical ferroelectric domains [79, 80] .
That say, our theoretical prediction of either stable or metastable LD appearance requires experimental verification. V-PFM can be an appropriate method for the 3D visualization of the labyrinthine domain structure with nanoscale resolution (see e.g. [77, 78, 81, 82, 83, 84, 85] and refs therein), because stable surface-induced labyrinthine domain structures were revealed by PFM in ferroelectrics relaxors [78] . Noteworthy different domain morphologies inside the small nanoparticles (R < 10 nm) can be probed by abbreviation corrected high resolution scanning transmission electron microscopy (STEM) [3 -5] .
We leave for further studies the question how the ranges of LDs stability and metastability at phase diagram can be derived analytically. However, the necessary conditions of LDs appearance was derived analytically with the numerical factor estimated from FEM results. Obtained analytical results lead to the conclusion that the nature of morphological transition [45] from domain stripes to LDs in ferroelectric nanoparticles underlies in the interplay between the 2D instability of domain splitting induced by incomplete surface screening facilitated by small enough gradient energy and high enough particle size to prevent the effect of geometric catastrophe. Quantitative criteria of LDs appearance has
is the depolarization length and e b ε + ε π = µ 2 2 stands for effective "geometrical factor". The physical sense of the condition is that the ratio of depolarization to screening lengths should be smaller than.
Also we derived analytical expressions for all other boundaries at the phase diagrams and checked their accuracy by comparison with numerical results. Notably that the simple analytical expression (4) for the PE-SDFE transition temperature, that is exact for the natural boundary conditions at the particle surface, depends on the ratio ( ) Λ R only. The relatively simple analytical expressions (5) for the PE-PDFE transition temperature appear to have very high accuracy and contain only one fitting parameter ξ that's value ξ≈0.5 is conditioned by the spherical geometry of the particle.
Since the value ξ≈0.5 is not material specific, Eq. (5) can be used for description of PE-PDFE transition in other nanoparticles of uniaxial ferroelectrics (e.g. for SrBi2Ta2O9, CuInP2S6 or LiNbO3). Analytical expression (9) quantitatively describes the boundary between SDFE and PDFE phases with two extra fitting parameters, the temperature shift ∆T and critical index δ=3/2, which depend on the material parameters, and therefore this expression is not universal. Analytical expressions (8) The derived analytical expressions were compared with the dependence of FE-PE transition temperature on the radius of SrBi2Ta2O9 nanoparticles experimentally measured in Ref. [14] , and with analogous dependence for Sn2P2S6 nanocrystals simulated by MC method within the framework of ANNNI model in Ref. [12] . Comparison demonstrates that the analytical expression (5) for the radius dependence of the FE-PE transition temperature in a poly-domain particle quantitatively agrees with experimental [14] and simulated [12] Temperature dependence of the Sn2P2S6 nanocrystalls spontaneous polarization was calculated by Drobnich et al using MC method and ANNNI model [12] . Derived analytical expression (12) can describe semi-quantitatively the polarization temperature behavior in the vicinity of FE-PE phase transition, but not its saturation far from the transition. Most likely the discrepancy is related with the principal differences between the continuous Landau free energy expansion on polarization powers that is applicable to the ferroelectric phase transitions of displacement type and ANNNI model that rather describes the order-disorder phase transitions.
To resume, we can conclude that phase diagrams including the wide regions of striped and labyrinthine domain morphologies, which are qualitatively similar to the ones calculated in this work, can be realized in other uniaxial ferroelectric nanoparticles, such as SrBi2Ta2O9 and LiNbO3, with the sizes near the PE-FE transition. Notably, the domain morphologies and phase diagrams of nanoparticles are rather different for the uniaxial ferroelectrics with the first and second order PE-FE transitions. Much more complex situation (corresponding to the balance of labyrinthine domains in the bulk and vortices at the surface) are expected in multiaxial ferroelectric nanoparticles with polarization rotation allowed. Actually, vortices and vertices composed by the closure of four domain walls have been observed experimentally by STEM [3 -5, 86] and PFM [87, 88, 89] , and described theoretically [90] in a bulk and nanosized multiaxial ferroelectrics. 
SUPPLEMENTARY MATERIALS Appendix A. Derivation of PE-SDFE transition temperature
Let us consider the spherical ferroelectric particle with polarization P pointed along one of the principal crystallographic axis, denoted below as z . Here we also introduce an isotropic background permittivity b ε of ferroelectric. The media outside is a dielectric with permittivity e ε . Electrical
and e e e E D ε ε = 0 , where the subscript "i" means the physical quantity inside the particle, "e" -outside the particle; 0 ε is a universal dielectric constant. We introduce electric field ϕ −∇ = E via electrostatic potential ϕ, which should satisfy Poisson and
Laplace equations inside and outside the particle, respectively particle inside supplemented by the interface conditions of potential continuity at the particle surface S both for potential and normal components of electrical displacement:
Here n is the outer normal to the particle surface. In Eq.(A.2) we take into consideration the surface screening charge density, proportional to the surface potential. Λ is the surface screening length.
Below we suppose that polarization P is independent on the coordinates; there is homogeneous external electric field 0 E far from the particle. This problem is reminiscent of text-book ones (see e.g.
[V. V. Batygin, and I. N. Toptygin. "Problems in Electrodynamics (Academic, New York, 1978)."])
but without surface screening charge, which makes the problem solution non-trivial. Here θ is the polar angle for spherical coordinate system, r is the corresponding radial coordinate. 
The solution of the linear system (A.4) and (A.7) have the form: 
Equations for amplitudes 
Its solutions could be written as 
are impossible to find in a finite form.
Assuming that in the vicinity of the particle poles R z ± = , the curvature of the spherical surface can be neglected, we obtained the system of four linear equations 
This expression for the critical point should be further minimized with respect to wave vector k. 
Hence approximate analytical expression for the transition temperature of the spherical nanoparticle from the PDFE to PE phase is:
(B.11a)
Here the first term originated from the correlation effect and the second one is from depolarization field energy of the domain stripes. Parameter ξ is a sort of geometrical factor that is close to unity. Its origin is related to the corresponding spherical eigen functions. Corresponding wave vector min k and period max D of the domain structure onset are ( At fixed gradient coefficient 44 g the equality in Eq.(B.12) means that the relation between the particle radius R and screening length Λ should be valid for the domain onset. Namely the fulfillment of the equality Solid curves corresponding to the SDFE-PE, PDFE-PE and SDFE-PDFE phase boundaries are calculated from Eqs. (4), (5) and (9), respectively. Solid curves corresponding to the SDFE-PE, PDFE-PE and SDFE-PDFE phase boundaries are calculated from Eqs. (4), (5) and (9), respectively.
